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a b s t r a c t

We present a fully two-dimensional, novel Coulomb-viscoplastic sliding model, which includes some
basic features and observed phenomena in dense granular flows like the exhibition of a yield strength
and a non-zero slip velocity. The interaction of the flow with the solid boundary is modelled by a pressure
and rate-dependent Coulomb-viscoplastic sliding law. The bottom boundary velocity is required for a
fully two-dimensional model, whereas in classical, depth-averaged models its explicit knowledge is
not needed. It is observed in experiments and in the field that in rapid flow of frictional granular material
down the slopes even the lowest particle layer in contact with the bottom boundary moves with a non-
zero and non-trivial velocity. Therefore, the no-slip boundary condition, which is generally accepted for
simulations of ideal fluid, e.g., water, is not applicable to granular flows. The numerical treatment of the
Coulomb-viscoplastic sliding model requires the set up of a novel pressure equation, which defines the
pressure independent of the bottom boundary velocities. These are dynamically and automatically
defined by our Coulomb-viscoplastic sliding law for a given pressure. A simple viscoplastic granular flow
down an inclined channel subject to slip or no-slip at the bottom boundary is studied numerically with
the marker-and-cell method. The simulation results demonstrate the substantial influence of the chosen
boundary condition. The Coulomb-viscoplastic sliding law reveals completely different flow dynamics
and flow depth variations of the field quantities, mainly the velocity and full dynamic pressure, and also
other derived quantities, such as the bottom shear-stress, and the mean shear-rate, compared to the com-
monly used no-slip boundary condition. We show that for Coulomb-viscoplastic sliding law observable
shearing mainly takes place close to the sliding surface in agreement with observations but in contrast
to the no-slip boundary condition.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

Granular flows play an important role in our daily life. They take
place in form of geophysical and industrial mass flows and show
very different phenomena. The flow of a granular avalanche is
characterised by three different flow regimes: (i) the starting zone
where rupture and fragmentation of the solid material occurs and/
or the granular material begins to flow, (ii) the avalanching zone
where the granular material reaches fast supercritical speed, and
(iii) the run-out zone where the moving mass is decelerated and
comes to a rather sudden standstill [1]. Observations, both in the
laboratory and nature, show that after the flow release, flow tran-
sits from a subcritical to a supercritical regime. In further down-
stream, the rapid flow regime develops, which is characterised by
fairly uniform velocity profiles with depth, strong shearing in the

vicinity of the base and dominant sliding at the base [2]. In the
deposition regime and, in particular, in the transition region from
the rapid flow into the deposition zone shock-like structures form,
and an overall depth flow changes into a surface boundary layer
flow, which quickly slows down and eventually settles [1].

Depth-averaged model equations and simulations have been
largely successful in describing the flows of granular materials,
avalanches and debris flows down channels and slopes [2–4].
However, the depth-averaged equations are restricted to smooth
basal surfaces and smooth changes of the slopes. Those equations
could not fully be applied when topography changes are large
(large curvatures), in the vicinity of the flow obstacle interactions,
during the depositions, for strongly converging and diverging flows
[5], in flow initiations and also during the deposition processes. All
these complex processes can typically be characterised by the
dominant basal slip, followed by the strong shearing and weak
shearing of the velocity field from sliding surface to the top free
surface of flow.
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The most important physical quantities in avalanche and gran-
ular flow dynamics are the velocity and pressure distribution
through the depth and along the slope, evolution of the geometry,
and the deposition profile. From a structural engineering and plan-
ning point of view, one must properly predict the flow field and
estimate impact pressures on civil structures that may be hit by
an avalanche in order to adequately design buildings, roadways,
and rail transportation in mountainous regions. Equally important
is to know the depth and velocity evolution of flowing granular
materials through various channels in process engineering scenar-
ios. Therefore, in general, we need a physically complete descrip-
tion of the flow dynamics without reduction of the information
through the flow depth.

A first step towards modelling such complicated three-dimen-
sional flows is to reduce it to two dimensions by first studying
the inclined chute flow to obtain detailed information on velocities
and build up of deposition geometries. Some basic two-dimen-
sional channel flow experiments and their simulations with
depth-averaged model equations are reported in [1,6,7]. In this pa-
per, we are concerned with the development of a new theoretical
model and simulation results in the first two regimes (starting
and avalanching zone), which can also be extended in the third
(depositional) regime. Here we advance fundamentally and sub-
stantially as compared with the classical granular flow and ava-
lanche models. We retain all the information of the physics of
flow by developing a full-dimensional model (at the moment for
channel flow, that will later be extended for the fully three-dimen-
sional flows) and then directly solving the model equation without
reducing the dimension.

Depending on the flow configuration, granular deformation
may behave as an elastic, plastic, or viscous material, or the com-
bination of them [2,8–10]. In this paper, we will model the internal
deformation as a simple viscoplastic material with a constant yield
strength. Another important aspect of granular flow simulation is
the basal boundary condition. In the classical depth-averaged mod-
elling, due to the depth-averaging, explicit knowledge of the basal
boundary is not needed. However, for the full-dimensional treat-
ment of the flow, we need to explicitly supply the bottom and
the free surface boundary conditions, which automatically evolves
in time and space. In the fluid-dynamic approach the no-slip
boundary condition, in which the slip velocity is set to zero, is
widely and successfully used in many fluid simulations [11–14].
However, it is observed in experiments and in the field that in ra-
pid flow of granular material down the slopes, even the lowest par-
ticle layer in contact with the bottom boundary moves with a non-
zero and non-trivial velocity [1,2,15–20]. The flow of granular
material is not the only situation, in which the no-slip condition
is no longer appropriate. Also in polymer-processing different at-
tempts were made to formulate boundary conditions which allow
partial slip at rigid boundaries [21,22]. Generally, the no-slip con-
dition works well for a single-component fluid, a wetted surface,
and low levels of shear-stress [23]. This is not the case, when
non-absorbing polymers are dissolved in fluids of lower viscosity
or in the case of granular flows, in which the interstitial fluid
(e.g., air) between the particles can play the role of the fluid with
low viscosity. Also Navier was not satisfied with the no-slip bound-
ary condition and proposed a slip-condition, in which a constant 1
is introduced to describe the slip velocity ub [22]: 1ub = m[@ ut/@n]b,
where m is the viscosity, ut is the tangential fluid velocity, n is the
normal of wall boundary directed into the fluid, and the ratio m/1
has the dimension of a length. We want to continue with Navier’s
idea of a slip velocity at the wall boundary, but by relating the nor-
mal pressure to the shear-stress on the wall and so generating a
slip velocity as observed in rapid granular flows. This is an entirely
novel and innovative concept in rapid granular flows. The problem
with Navier’s slip is that it produces also a high shearing in fast but

thin flows with low normal pressures on the wall, what is not ob-
served in rapid granular flows [1,17]. Therefore, we are using the
Coulomb sliding law to relate the shear-stress Tb to the normal
stress Nb at the bottom sliding surface (b): Tb = tandNb, where d is
the bed friction angle. The Coulomb sliding law has successfully
been used to model friction in many depth-averaged simulations
of rapid granular flows [2–7,17,24–26]. Platzer et al. showed that
the relation between the normal and shear-stress in dense snow
avalanches can be described by a Coulomb friction law, in which
cohesion has to be taken into account especially for wet snow ava-
lanches [19]. Uhland also utilised the Coulomb friction law to de-
scribe the slip velocity of a plastic melt flow through a pipe of
circular cross-section [27]. The stress–strain behaviour is described
by a viscous power law. He assumed a steady, non-accelerated (no
gravitational acceleration), one-dimensional (no radial compo-
nent) flow. Based on these assumptions, which do not hold in gen-
eral and in particular for rapid granular flows, he presented
analytical solutions for the flow velocity and pressure. However,
his velocity solution does not satisfy the continuity equation.

First, we will develop a novel Coulomb frictional basal slip mod-
el, which uses the Coulomb friction law to model the interaction of
the flow with the solid basal boundary surface. Formulation of the
new pressure equation is presented in terms of finite differences
for both pressure-independent and pressure-dependent basal slips.
Afterwards, we study three different basal boundary conditions:
no-slip, free-slip (pressure-independent), and the Coulomb-type
slip (pressure-dependent) at the base. The observed differences
in the flow dynamics for the no-slip and free-slip boundary condi-
tions and the Coulomb sliding law are discussed in detail. The flow
dynamics include the novel modelling and simulation of the evolu-
tion of the pressure and velocity field through the flow depth and
the depth profile itself.

2. A simple viscoplastic granular flow model with slip

2.1. Field equations

The motion of granular material in a two-dimensional inclined
rectangular channel (Fig. 4) is characterised by the pressure p and
the velocity u = (u, w)T, with u the velocity component in down-
slope direction (x) and w the velocity component perpendicular
to the channel surface (z). Incompressible flow is assumed, so den-
sity changes are negligible [2]. The flow in a channel inclined by an
angle f is described by a system of partial differential equations,
representing the mass and momentum balances:

divu ¼ 0; ð1Þ
du
dt
¼ divrþ g; ð2Þ

where r is the Cauchy stress tensor normalised by density,
g(f) = (gsinf, �gcosf)T is the gravitational acceleration with the
gravity constant g, and d/dt is the material derivative.

We are considering a dry dense granular material, which is as-
sumed to be described by a viscoplastic fluid [9,10,28–30]. The nor-
malised stress tensor for a viscoplastic fluid can be written as

r ¼ �p1þ 2meff D; ð3Þ

where p is the normalised pressure, the strain rate tensor is given by
the symmetric part of the velocity gradient, D = 1/2[(ru) + (ru)T],
and meff is the effective kinematic viscosity, which is defined by

meff ¼ mþ s0

kDk ½1� expð�mkDkÞ�: ð4Þ

The effective kinematic viscosity depends on the kinematic viscos-
ity m, the yield stress s0 (normalised by density), and the norm of
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the strain rate tensor, defined as kDk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2trðD2Þ

q
. With the intro-

duction of the exponential factor, ½1� expð�mkDkÞ�, (4) holds uni-
formly in yielded and unyielded regions, and the transition
between these regions is smoother for smaller exponents m [31].
(We used m = 100 for the simulations presented in Section 4.) For
s0 = 0 the effective viscosity equals the viscosity m, and the material
behaves as a Newtonian fluid. For simplicity, we assume a constant
Bingham yield stress. In applications, this simple viscoplastic rheol-
ogy is often an adequate choice [32–35]. Then shearing within the
material is induced by friction at the rigid boundaries through the
boundary conditions. If shearing, which results from direct contacts
between the granular particles, becomes considerable, the assump-
tion of a constant yield stress could be too simple and a pressure
dependent yield stress should have been considered like in
[30,36]. This, however, is not within the scope of this work.

With the notations

F ¼ �@xðu2Þ � @zðuwÞ þ 2@xðmeff@xuÞ þ @z½meff ð@zuþ @xwÞ� þ g sinðfÞ;
ð5Þ

G ¼ �@zðw2Þ � @xðuwÞ þ 2@zðmeff@zwÞ þ @x½meffð@zuþ @xwÞ� � g cosðfÞ;
ð6Þ

the momentum Eq. (2) can now be expressed as

@tu ¼ F � @xp; ð7Þ
@tw ¼ G� @zp: ð8Þ

Eqs. (7) and (8) are integrated numerically to compute the velocities
u and w. To calculate the pressure, a Poisson equation for the pres-
sure is derived by applying @x or @z on the x or z-momentum-con-
servation Eqs. ((7) and (8)), adding both resulting equations, and
using the continuity Eq. (1) to yield:

Dp ¼ @2
x pþ @2

z p ¼ @xF þ @zG: ð9Þ

Eqs. (7)–(9) require appropriate boundary conditions for the veloc-
ities at the free surface and basal surface, which is one of the main
focuses of this article.

2.2. Velocity boundary condition at the base

In the following, the friction induced by the movement of gran-
ular material on sliding planes, that can be at rigid boundaries with
an inner normal vector n and a tangential vector t, is considered. In
rapid flows of granular material down the slopes, even the lowest
particle layer in contact with the bottom boundary moves with a
non-zero and non-trivial velocity. Therefore, the generally used
no-slip boundary condition does not represent the flow physics.
A non-zero slip velocity is determined by the frictional strength,
which depends on the load the material exerts on the rigid bound-
ary. So, it is natural to relate the shear-stress Tb = rbn � t to the nor-
mal pressure Nb = � rbn � n at the sliding surface (b). This can be
achieved by using the Coulomb sliding law, which was already suc-
cessfully used in simulations of rapid granular flows:

Tb ¼ ub

jubj tan dNb: ð10Þ

This relation asserts that a material yields plastically if the shear-
stress attains the critical value given by (10). The tangent of the
bed friction angle d defines the proportionality constant and higher
values of d go along with a higher shearing and, therefore, with a
higher frictional force at the rigid boundary. To guarantee that the
frictional force is always opposite to the direction of motion, the
factor ub/—ub— is introduced. The flowing granular material does
not penetrate through the boundary, so n � ub = 0 and also
½ðt � $Þðn � uÞ�b ¼ 0. Therefore, from (3), with a bit of algebra, the

normal and shear stresses at the bottom are given by
Nb ¼ pb þ 2mb

eff ½ðt � $Þðt � uÞ�
b and Tb ¼ mb

eff ½ðn � $Þðt � uÞ�
b, which leads

to a pressure and rate-dependent Coulomb-viscoplastic sliding law
expressed in terms of the tangential velocity and the pressure at the
boundary

½ðn � $Þðt � uÞ�b � 2cF½ðt � $Þðt � uÞ�b ¼ cF

mb
eff

pb: ð11Þ

Here the ‘friction factor’, cF, is defined by

cF ¼
ub

jub j tan d; ub–0;

0; ub ¼ 0:

8<
: ð12Þ

The ratio between the grain friction, cF, and the viscous friction is
called the ‘effective friction ratio’:

Fr
e ¼

cF

mb
eff

: ð13Þ

The pressure and rate-dependent Coulomb-viscoplastic sliding law,
(11), dynamically and automatically defines the bottom boundary
velocity [t � u]b. Note that in the classical, depth-averaged plastic
flow models for granular material Nb is the overburden pressure
(material normal load), i.e., the hydrostatic pressure, which is inde-
pendent of the flow dynamics. Then, the Coulomb sliding law, (10),
does not include any dynamic information about the flow and
deformation, such as the velocity and pressure. So, (10) is then a
rate-independent plastic law.

It is important to observe that if the Coulomb friction coefficient
cF equals zero (d = 0 or no material motion), then no grain friction
exists and (11) reduces to the well-known free-slip condition
½ðn � $Þðt � uÞ�b ¼ 0, for which no friction at the boundary is present
and, therefore, the basal shear-stress equals zero.

For negligible granular friction or for very high effective viscos-
ity (in both cases Fr

e � 0), the pressure dependency is lost, and (11)
becomes

ðn � $Þðt � uÞ
ðt � $Þðt � uÞ

� �b

¼ 2cF: ð14Þ

So, the friction factor in terms of the bed friction angle defines the
ratio between the normal and tangential derivative of the tangential
velocity at the bottom. In the following, we will treat the more
general case where the bottom pressure is not negligible (i.e. Fr

e–0).
We are considering the motion of granular material in a narrow

rectangular inclined channel with the main flow direction parallel
to the x-axis. The main shearing occurs at the bottom boundary
with the basal normal vector parallel to the z-direction (n = (0,
1)T, t = (1, 0)T). The shearing at the sidewalls has only a marginal
influence on the granular flow and will be neglected [1,6]. Then
the Coulomb shear-stress at the bottom, (10), can simply be writ-
ten as

Tb ¼ cF pb þ 2mb
eff ½@xu�b

� �
: ð15Þ

If the strain-rate approaches zero, the shear-stress is given by
Tb = cFpb. Hence, the Coulomb-viscoplastic friction law defines a
yield criterion with a pressure dependent yield-stress. This de-
scribes the frictional nature of the interaction of the granular mate-
rial with the rigid boundary. An increase in @xu results (due to
continuity) in a higher bottom normal stress and, consequently, in
a higher frictional bottom shear-stress (15). This is different for
shear-stresses within the material, which will decrease due to a
decline of the effective Bingham viscosity (4).

The Coulomb-viscoplastic sliding law, (11), for the rectangular
inclined channel is given by
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½@zu�b � 2cF½@xu�b ¼ cF

mb
eff

pb: ð16Þ

Eq. (16) is an equation for pressure in terms of the velocity gradi-
ents or vice versa.

In the following, (16) will be used as pressure-dependent veloc-
ity boundary condition at the sliding surface. Note that with (16)
the bottom shear-stress depends on the normal stress contrary to
Navier’s slip and the no-slip boundary condition, in which it de-
pends only on the velocity near the sliding surface.

3. Numerical method

3.1. Discretization and modelling of the free surface granular flows

In order to compute the velocities and the pressure from Eqs.
(7)–(9), an appropriate discretization has to be carried out. Our
numerical method is based on NaSt2D [12], a computer code using
the finite-volume method for the simulation of incompressible
Newtonian fluids. Following [12,37], we introduce a staggered grid
(see, Fig. 1), in which the velocities and the pressure are not located
at the same grid points to avoid possible pressure oscillations. The
pressure p is located in the cell centres (‘p-grid’), the x-velocity u in
the midpoint of the vertical cell edges (‘u-grid’) and the z-velocity
w in the midpoint of the horizontal cell edges (‘w-grid’). To de-
scribe the boundary conditions a boundary strip is added at
i = 0, i = imax + 1, j = 0 and j = jmax + 1 (Fig. 2). Therefore, the whole
grid consists of (imax + 2) � (jmax + 2) cells Ci,j with i 2 [0, imax + 1]
and j 2 [0, jmax + 1]. The length of one single cell is dx(dz) in x(z)-
direction.

The Poisson Eq. (9) is discretized on the p-grid, and the x(z)-
momentum Eqs. (7) and (8) are discretized on the u(w)-grid. The
spatial derivatives are replaced by centred differences except for
the convective terms, which are discretized by using a mixture of
central differences and the donor-cell discretization. To discretize
the time derivatives, we use first-order difference quotients.

To simulate and visualise the rapid free surface flow of frictional
granular material, the marker-and-cell method is applied, in which
marker-particles are used to determine whether a cell contains
‘fluid’ or not (see, Fig. 2), [37–39].

The originality of our approach is also due to the fact that we
numerically implement the Coulomb-viscoplastic sliding law,
which is presented in Section 3.3.

3.2. Pressure calculation for a pressure-independent basal slip

If a pressure-independent friction law such as the no-slip or
free-slip condition is used, the velocity boundary conditions are
known before calculating the pressure. In case of the no-slip condi-
tion, the tangential velocities should vanish at the boundary, e.g.,
for the bottom boundary at z = 0 (by using linear interpolation)
the condition reads: (ui,1 + ui,0)/2 = 0. This is achieved by setting
ui,0 = �ui,1. The free-slip condition requires the normal derivative
of the velocity component tangential to the boundary to vanish.

For example, the free-slip boundary condition can be written as,
(ui,1 � ui,0)/dz = 0, for the bottom boundary at z = 0 by using central
differences. This leads to the velocity boundary condition ui,0 = ui,1.
Together with the condition for the normal velocities, wi,0 = 0,
which asserts that the material cannot penetrate through a rigid
boundary, the right hand side of the Poisson Eq. (9), is fixed for a
given velocity field. Using central finite differences, (9) results in
the discrete Poisson equation for the pressure p:

piþ1;j � 2pi;j þ pi�1;j

dx2 þ
pi;jþ1 � 2pi;j þ pi;j�1

dz2

¼ Fi;j � Fi�1;j

dx
þ Gi;j � Gi;j�1

dz

� �
: ð17Þ

Eq. (17) can also be written as a system of N linear equations,

Mp ¼ b; ð18Þ

with M 2 RN�N and p;b 2 RN , where N is given by the number of in-
ner ‘fluid’ cells. The matrix M depends only on the grid refinement.
The right-hand-side of (18), b, contains the spatial derivatives of the
convective, diffusive and gravitational forces. Note that M is sym-
metric and negative definite and the system of linear equations
can be solved for the pressure, e.g., with the successive overrelax-
ation (SOR) method [40].

After the pressure is calculated with the discrete Poisson Eq.
(18), the momentum Eqs. ((7), (8)) are used to calculate the veloc-
ities for the next time step.

3.3. Pressure calculation for a pressure-dependent basal slip

If a pressure-dependent friction law, i.e., slip velocity at the
base, is used for the rigid boundaries, (18) cannot be used for the
pressure computation, because the vector b depends on the veloc-
ity boundary values, consequently, also on the pressure. Therefore,
a pressure equation has to be formulated, which guarantees that
the pressure satisfies both the Poisson equation and the pres-
sure-dependent friction law at the bed. For this reason, here we de-
velop a completely new approach, which is a fundamental
contribution and an advancement in granular flow simulations
from a computational point of view with ample applications in
geophysical and industrial mass flows.

3.3.1. Coulomb sliding law
With the following discretizations at the lower right corner of a

cell Ci,j adjacent to a boundary cell Ci,j�1 (see, Fig. 3)

cF �
ui;j

jui;j j
tan d; ui;j–0;

0; ui;j ¼ 0;

(
ð19Þ

pb � 1
2
ðpi;j þ piþ1;jÞ; ð20Þ

½@zu�b �
1
dz

ui;j � ub
i;j�1

� �
; ð21Þ

½@xu�b � 1
4dx

uiþ1;j þ ub
iþ1;j�1 � ui�1;j � ub

i�1;j�1

� �
; ð22Þ

the Coulomb-viscoplastic sliding law, (16), can be expressed in
terms of the bottom boundary values ub

i;j

ub
i;j�1 þ cu

i;j ub
iþ1;j�1 � ub

i�1;j�1

� �
¼ ui;j � cu

i;j uiþ1;j � ui�1;j
	 


� cp
i;jðpi;j þ piþ1;jÞ; ð23Þ

with cu
i;j ¼ 1

2
dz
dx cF

i;j and cp
i;j ¼ 1

2 dzcF
i;j=m

i;j
eff . Note that the discretization of

cF at z = dz/2, instead at the bottom (z = 0), is not critical, because
only the sign of the tangential velocity is required, which is not ex-
pected to change within a half cell height. The pressure at the bot-
tom is approximated by the next available pressure values. To

Fig. 1. Staggered grid. The pressure p is located in the cell centres and the x(z)-
velocity u(w) in the midpoint of the vertical (horizontal) cell edges.
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compute the velocity derivatives, central differences are used and
for [@xu]b averaging is performed additionally as mentioned in (22).

The Coulomb sliding law (23) can only be used to compute the
bottom boundary velocity ub

i;j�1 for cell Ci,j if both cells Ci,j�1 and
Ci+1,j�1 are boundary cells and both cell Ci,j and also its right neigh-
bouring cell Ci+1,j contain ‘fluid’. Then the cell Ci,j is called a Cou-
lomb cell, Fig. 3. Therefore, (23) requires boundary values near
the free surface, which are given by the traction free condition of
the free surface.

Eq. (23) can be written as a system of Nc linear equations

Aub ¼ bc � Bp; ð24Þ

with A 2 RNc�Nc
, B 2 RNc�N , bc and ub 2 RNc

, where Nc is given by the
number of Coulomb cells. The matrix A is invertible, therefore, the
velocity boundary values are calculable with (24) after the pressure
computation. For cF = 0 (no grain friction) the matrix A equals the
identity matrix and for cF – 0 its off-diagonal elements are propor-
tional to cu. The elements of B, with which the pressure is multi-
plied, are given by cp. Therefore, the increase of both the bottom
pressure and the effective friction ratio leads to a decrease of the
bottom velocity for an accelerating flow. This is a characteristic of
the flow of frictional granular material.

3.3.2. Pressure equation
The pressure must satisfy both the Poisson Eq. (18) and the fric-

tion law (24), which both depend on the bottom velocities. There-
fore, a central and novel idea is that these equations can be
combined into a single pressure equation, which is independent
of the bottom velocity.

The inhomogeneity b of the Poisson Eq. (18) contains F and G
(compare with (17)), which are given by (5) and (6) and depend
on the boundary velocities. The knowledge of the bottom velocity
is necessary for the computation of the derivative @2

z u in F, which
can be expressed for cell Ci,j in terms of the bottom boundary veloc-
ity ub

i;j�1:

Fi;j ¼ f ð1Þi;j ub
i;j�1 þ f ð2Þi;j ; ð25Þ

whereas f ð1Þi;j and f ð2Þi;j depend on the discretization and can be calcu-
lated without the knowledge of the bottom boundary velocity. With
(17) and (25) b can now directly be related to the bottom boundary
velocity:

b ¼ Qub þ q; ð26Þ

with Q 2 RN�Nc
and q 2 RN . The vector q contains the boundary

velocity-independent terms of the spatial derivatives of the convec-
tive and diffusive forces. The boundary velocity-dependent terms
are included in Qub. Hence, the Poisson Eq. (18) can be written
explicitly in terms of the bottom boundary velocity

Mp ¼ Qub þ q: ð27Þ

Combining (27) with (24) gives an equation for the pressure, which
unlike (18) no longer requires the knowledge of bottom boundary
velocities (this is a great advantage):

ðMþ QA�1BÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
L

p ¼ QA�1bc þ q|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
bL

; ð28Þ

where the sparse pressure matrix L 2 RN�N and the vector bL 2 RN

are defined. Note that, in general, the pressure matrix L is not sym-
metric, because QA�1B is not symmetric. The pressure matrix L de-
pends on the Coulomb friction coefficient and the grid refinement.
The right-hand-side of (28), bL, contains, on the one hand, the
boundary velocity-independent terms of the spatial derivatives of
the convective and diffusive forces and, on the other hand, veloc-
ity-dependent terms, which originate from the Coulomb sliding
law, (24), and hence are also affected by the Coulomb friction
coefficient.

For a vanishing Coulomb friction coefficient, cF = 0, (28) reduces
to the Poisson Eq. (18), because A ¼ 1; B ¼ 0 and bc = ub according
to (24). In this case, the velocity boundary condition equals the one
for the free-slip boundary condition. For the more general case,
cF – 0, the bottom shear-stress depends on the bottom normal
stress, i.e., the bottom pressure and derivative of the tangential
velocity in downslope direction, but not on the velocity itself.
Therefore, the new Coulomb-viscoplastic sliding law (16), differs

i=0 i=1 ... ... i=imax i=imax+1

j=0

j=1

...
j=jmax

j=jmax+1

Fig. 2. Flow domain including marker particles and boundary strip. Cells in the boundary strip are called boundary cells.

Fig. 3. Discretization points (cross) of Coulomb sliding law. If the cells Ci,j and Ci+1,j

are ‘fluid’ cells and the cells Ci,j�1 and Ci+1,j�1 are boundary cells, the cell Ci,j is called
a Coulomb cell.
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substantially from the no-slip boundary condition, for which the
bottom shear-stress is velocity-dependent.

The Coulomb friction law is implemented by solving (28) for the
pressure and obtaining the bottom boundary velocities according
to (24) afterwards. So, we simultaneously have both the pressure
and the slip-velocity at the bottom. It is worth mentioning that
combination of the viscoplastic and Coulomb law made it possible
to obtain (analytical or theoretical) expressions for both the pres-
sure and the basal-slip velocity. For pressure-independent no-slip
and free-slip boundary conditions the Poisson Eq. (18) is used
instead of (28). In the following, benchmark simulations are per-
formed in which no-slip, free-slip and Coulomb-slip are imple-
mented and analysed. These simulations demonstrate the
applicability of the new Coulomb-viscoplastic rheology and the
performance of our new numerical method.

4. Granular flow simulations for different basal friction laws

4.1. Flow configuration and parameters

Here, we simulate the fully two-dimensional rapid simple
viscoplastic granular flow down an inclined channel with an open
end for different basal friction laws. The channel is 1m long, has an
inclination of f = 45�, and it is continuously fed from a silo, see
Fig. 4. The inlet height is hin = 15 cm and the mean inlet velocity
is �uin ¼ 0:9 ms�1. These flow configurations are similar to those
used in [1,6,7]. To achieve realistic inflow conditions, the inflow
velocity is varied exponentially with the flow depth: uin(z) = -
j[a � exp(bz)] with a = 1000, b = 45.9, and j = 1.05 � 10�3 (with
appropriate dimensions) so that �uin ¼ 0:9 ms�1. With this choice,
the inlet velocity changes only slightly with depth until z is close

to the inlet height, where uin drops to almost zero, because of influ-
ence of the upper tip of the inlet gate. This is an observable phe-
nomenon in silo-discharge. Note that the variation of the inlet
velocity along the flow depth has only a slight impact on the over-
all flow characteristics, because immediately after the material has
entered the channel it is subject to strong deformations. Setting the
inlet velocity at the upper tip of the inlet gate to zero mainly affects
the formation of the free surface in the vicinity of the flow front.
The dynamic viscosity of mass flows events, like natural rock
avalanches, debris avalanches and debris flows, can range from
0.01 to 20 Pa s or even more [41–43]. In the simulation we use a
value of 15 Pa s, which corresponds to a kinematic viscosity of
m ¼ 0:01 m2 s�1 for a bulk density of q ¼ 1500 kg m�3. The esti-
mated value of the lower limit of the yield stress for a rock ava-
lanche is about 15 kPa. This holds for an assumed flow depth of
about 5 m, a true rock density of about 3000 kg m�3, and a friction
coefficient about 0.7 [44,45]. In our numerical simulations the rep-
resentative flow depth (along the channel) is 0.065 m, and the fric-
tion coefficient is about 0.5 (for a basal friction angle of 25�).
Together with the assumed granular bulk density the yield stress
can be estimated to 60 Pa, as used in the present simulation. How-
ever, here these numbers are taken mainly for the simulation pur-
pose. So, depending on specific flow situation and the materials in
use, the actual values of these physical parameters may deviate
substantially from those used here. To study the role of the Cou-
lomb friction and other basal sliding laws numerically, we present
results for quasi-steady-state and complete transient channel
flows. The physical variables are non-dimensionalised by using
the scalings (following [2])

ðx; z; t;u;pÞ ¼ ðLx̂;Hẑ; Tt̂;Uû; Pp̂Þ ð29Þ

Fig. 4. Side view of the inclined chute used for the simulation of rapid channel flow of granular material with free outflow. The material enters into the channel at x = 0 with
an inlet height of hin = 15 cm and an average inlet velocity of �uin ¼ 0:9 ms�1. The computational domain is [0, 1] m. The inlet velocity varies exponentially from the top of the
opening gate to the bottom sliding surface and is indicated by the arrows at x = 0. f is the inclination angle of the channel.
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where T ¼
ffiffiffiffiffiffiffiffi
L=g

p
, U ¼

ffiffiffiffiffi
gL

p
, and P = qgH. The hats represent non-

dimensional variables. The channel length is chosen as typical
length, L = 1 m, and the inlet height is taken as typical depth,
H = 0.15 m.

4.2. Channel flow simulations

4.2.1. Quasi-steady-state flow
In the following, the simulated flows are considered at an in-

stant of time, when the flow is in a quasi-steady-state. Fig. 5a
and b show that for all considered friction laws the quasi-steady-
state is attained well for t̂ > 2. For the no-slip simulation the cho-
sen time is t̂sim ¼ 2:5 and for the other simulations (free-slip and
Coulomb friction laws) t̂sim ¼ 2:2.

Fig. 6 shows the simulated flow depth (in background grey) and
velocity vectors throughout the channel for three different basal
friction laws. For the flow obeying the no-slip boundary condition
(panel a), a strong shearing along the whole channel is observed
contrary to the flow obeying the free-slip condition (panel b),
which does not show a structured evolution of the velocity along
depth but the velocity profile is uniform over depth. The simula-
tion using the pressure-dependent Coulomb sliding law (panel c)
differs substantially from both the no-slip and the free-slip simula-
tions. It produces a clear and strong shear profile through a sub-
stantial flow depth in the vicinity of the bottom with a non-zero
slip velocity at the bottom, which increases along the downslope
channel position. However, the shear-rate is decreased and is close
to zero in the upper half flow-depth and in the vicinity of the free
surface.

These simulation results reveal that although the same internal
viscoplastic flow rheologies, traction-free conditions, and inlet out-
let conditions are applied for all three types of simulations, the re-
sults and flow patterns (flow depth, velocity and pressure patterns;
are discussed in more detail later) are fundamentally different in
the three panels. This means that the bottom boundary condition
is an important mechanism to control and describe the flow
dynamics in rapid granular flows in steep channels. Experiments
in rapid granular flows in inclined chutes and channels show that
the material slips along the channel (so, panel (a) is not appropri-
ate there) and shears mainly in the vicinity of the bottom, whereas
the shear-rate adjacent to the free-surface is low [1,2,17,16,20].
These typical characteristics of rapid granular flows are illustrated
by panel (c). So, for such flow configuration, panel (a) and (b) are
not applicable, at least in the far downstream. However, we con-
tinue our analysis also with the no-slip boundary condition (panel
(a)), because locally granular flow can behave as a no-slip material

in the vicinity of the silo gate, in strong flow obstacle interactions,
in the deposition, and in situations when the channel inclination is
at or below the basal friction angle and when the basal surface is
rough (e.g., glued with the same material). In the later cases, the
flow sticks at the basal surface and the flow is slow or creeping. Pa-
nel b of Fig. 6 indicates that free-slip is not a right candidate as
there is no velocity structure and the velocity magnitude is also
much higher as compared to panels a and c.

The tangential surface and bottom velocities behave completely
differently under the change of friction law, Fig. 7. For the Coulomb
friction law (with d = 25�) the bottom velocity is non-zero (dotted
green1 line), contrary to the same with the no-slip boundary con-
dition (solid red line), and illustrates a quick decrease near the silo
inlet followed by a quick increase along the channel. The decline in
the bottom velocity in the vicinity of the inlet (x̂ < 0:1) reveals the
high bottom pressure in this region (see Fig. 11a). The free surface
velocities (dashed green and dot-dashed red line) increases rapidly
in the beginning (x̂ < 0:3) for both friction laws, Fig. 7. However,
the no-slip boundary condition generates a very strong, velocity-
dependent friction, which afterwards almost compensates the
gravitational acceleration, and hence the free surface velocity
grows very slowly (dot-dashed red line).

The different friction laws result not only in different shear pro-
files but also in different mean flow velocities and heights (depths),
which are shown in Figs. 8 and 9, respectively. The mean flow
velocity strongly depends on the frictional resistance at the bot-
tom, e.g., the mean velocity at the end of the channel for the Cou-
lomb friction with d = 25� is roughly double the one for the no-slip
boundary condition. Simulations using the Coulomb sliding law
generate mean velocities which are controlled by the bed friction
angle and are always higher than the mean velocities induced by
the no-slip boundary condition. This also affects the flow heights
(Fig. 9), which are inversely correlated to the velocity by the conti-
nuity condition. The increase of flow depth, averaged along the
channel with length L; H ¼ 1=L

R L
0 hdx, with rising bed friction an-

gle is shown in Fig. 10. It can be described by a simple power law
function, Hðtan dÞ=H ¼ aðtan dÞn þ b, with a = 0.19, b = 0.38 and
n = 1.3. This demonstrates that the choice of the boundary condi-
tion and the friction coefficient substantially influences the flow
dynamics. However, the rate at which the mean velocity increases
and depth decreases depends on the ratio of the driving force
(gravity) to the resisting forces (e.g., bottom friction). If the bottom
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version of this article.
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friction increases with the flow velocity, the (mean) velocity will
saturate at some distance from the silo inlet. This is observed for
no-slip flows. We are considering ‘‘dry’’ friction which does not de-
pend on the velocity. A velocity-dependence can be included in the
bottom friction by adding the term cuu2 to the right-hand side of
(10) [2]. This becomes eventually important in describing snow
avalanches which may show a uniform flow (constant flow height)
over a wide range of slope angles [16,20].

In Fig. 11a and b the pressure fields, for the Coulomb friction
law with d = 25� and the no-slip boundary condition, are presented.
Although both friction laws show completely different behaviour,
for both the pressure exhibits a layered structure along the chan-
nel, which originates from the depth-dependence of the pressure
and the flow dynamics, see (9). In case of the Coulomb boundary
condition, the pressure first increases along x, due to the consider-
able fall in flow depth, which goes along with a compressional
mode of the material near the silo inlet. Later on, the pressure de-
creases along the channel, because the gravitational acceleration
causes a dilatational downslope motion. The latter is not observed
for the no-slip boundary condition, because here the frictional

Fig. 6. Full two-dimensional velocity vectors at different channel positions for three
different basal friction laws: no-slip (a), free-slip (b), and Coulomb friction law (c)
with d = 25�. The flow enters the channel at x = 0 with an average velocity of
�uin=U ¼ 0:29. The background grey colour represents the flow depth. All quantities
are dimensionless.
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resistance at the bottom depends on the tangential velocity and
opposes the gravitational acceleration. So, with no-slip, pressure
does not vary much along the downslope direction. It is important
to note that the pressures here are the full dynamic pressures in
contrast to the usual hydrostatic pressure often dealt with in gran-
ular flows and mass flows, such as avalanches and debris flows. The
full dynamic pressure p can be expressed as a sum of the hydro-
static (pH) and the dynamic (pD) pressure: p = pH + pD, where
pH = qgcosf(h � z) with the flow height h. We see from Fig. 12 that
dynamic pressure is important in granular flows. Due to the exten-
sional motion of the granular material in the channel, the hydro-
static pressure significantly overestimates the full pressure p.
This becomes clearly visible near the silo inlet. Except in the vicin-
ity of the silo inlet, the dynamic pressure is almost uniform
through the flow depth. Analysis of such phenomena is made pos-
sible with the full dimensional consideration of the flow.

The previous discussion of Fig. 6 has indicated that the (xz-)
shear profile varies along the channel differently depending on
the friction law. This becomes clear in Fig. 13, in which the shear-
ing, characterised by �_c ¼ ðusurf � ubÞ=h, is presented at different
positions in the channel, where us is the tangential surface velocity,
ub is the tangential bottom velocity, and h the flow depth. There-
fore, the mean shear-rate �_c is an appropriate representative quan-
tity to characterise the interaction of the flowing material with the
bottom surface and to distinguish between the different friction

laws. The no-slip boundary condition leads to a continuously
increasing shearing, see Fig. 7 (for velocities) and Fig. 9 (for
heights), compared to the pressure-dependent Coulomb sliding
law, for which shearing reaches its maximum value after a certain
distance from the inlet (for d = 25� at about x̂ ¼ 0:3) and afterwards
it drops slowly. This is compatible with the pressure distribution in
Fig. 11a. For both friction laws and all d values, negative values of �_c
are observed in the vicinity of the silo inlet. These result from the
inflow boundary conditions, see Section 4.1. The shear-rate in-
creases substantially with rising basal friction angle, which con-
trols the frictional strength. Coulomb friction seems to be the
more appropriate one for granular flow simulations, whose
strength depends on and increases with the material friction.

The variation of the tangential velocity, u, with the flow normal
direction z has a completely different characteristic for the simula-
tion with Coulomb friction law as compared to the same with the
no-slip boundary condition, see Fig. 14a and b and also Fig. 15a and
b. Both simulations show a shear layer near the bottom, which
fluently merge into a sliding layer for channel positions at some
distant from the inlet (x̂ P 0:1). The results in Fig. 14b are similar
to the fully two-dimensional plane velocity field through the depth
and along the channel as derived analytically by Pudasaini [46]. In
contrast to the no-slip, for Coulomb friction law observable shear-
ing mainly takes place close to the sliding surface in agreement
with the experimental observations. Furthermore, we observe that
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the shear-stress at the bottom increases along the channel, in the
case of the no-slip boundary condition, but decreases slightly in
the far downstream if the Coulomb sliding law is used. This is
experimentally confirmed for snow avalanches by Upadhyay
et al. [47].

The Froude number (Fr) is an important non-dimensional num-
ber that characterises the dynamics of free surface gravity flows
[48,49]. It distinguishes subcritical (slow), critical, and supercritical
(rapid) flow regimes, depending on whether Fr is less than, equal
to, or greater than unity. Classically, in channel flows of water or
granular flows in inclined channels, Fr is defined as the ratio be-
tween the inertial and gravity forces or equivalently between the
kinetic and potential energies. It is used to establish dynamical
similarities between the full-scale and laboratory-scale flows,
e.g., in designing the avalanche protection dam and weir [49]. Here,
we consider the extended Froude number [7], which includes both
the pressure potential and gravity potential energies. We further
generalise the extended Froude number for non-depth averaged
flows and call it ‘generalised Froude number’:

Fr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu2 þw2Þ

g½ðL� xÞ sin fþ z cos f� þ p=q

s
: ð30Þ

Here, u2 + w2 is twice the (two-dimensional) kinetic energy,
g(L � x)sinf is the potential energy caused by the downslope

gravitational acceleration, gzcosf is the potential energy caused by
the gravitational acceleration along the flow depth, and p/q is the
pressure potential energy (all energies are considered per unit
mass). For w = 0, z = 0 and p defined by the hydrostatic pressure,
(30) degenerates into the extended Froude number defined in [7].

The advantage of the generalised Froude number is that the
whole spectrum of the Froude number through the flow depth
and down the entire channel is available. Following [7], the refer-
ence level for the potential energy lies at the bottom surface at
the end of the channel. In Fig. 16 we observe that the Froude num-
ber increases along the downslope position, because the kinetic en-
ergy increases, due to gravitational acceleration, and the potential
energy decreases. While moving from the bottom to the free-sur-
face of the flow, the Froude number increases, although this holds
also for the potential energy. This is, because of the frictional resis-
tance at the bottom, which leads to a strong increase of the kinetic
energy in the direction of the free-surface the flow depth. So, in
general, the Froude number is not uniform through depth.

At x̂ ¼ 0:4 the Froude number is approximately one, and the
flow pass from the subcritical to the supercritical regime. There-
fore, granular flows on inclined surfaces are characteristically rapid
supercritical flows. However, note that as viewed from the bottom
surface, the flow regime is slightly curved to the upstream and
then straight at the top of the free-surface. It can be observed by
following the central part of the yellow zone.

4.2.2. Parameter studies
In this section the influence of the physical parameters f (chan-

nel inclination), m (kinematic viscosity), �uin (mean inflow velocity)
and hin (inflow height) on the shear-rate parameter �_c is studied for
both quasi-steady-state flows obeying the Coulomb friction law
with a bed friction angle of d = 25� and flows subject to the no-slip
boundary condition. It is observed in Fig. 13 that the shear-rate
parameter lines �_cðxÞ do not cross each other for the simulations
with different friction laws. This holds also for simulations which
differ in one of the physical parameters. Therefore, the value of �_c
at the middle of the channel (x̂ ¼ 0:5), �_cc, can be considered as a
characteristic value for the entire friction law with a given param-
eter. The advantage of �_cc is its negligible dependency on the inflow
and outflow boundary conditions.

Fig. 17 shows the fall of �_cc for rising inclination angles f for Cou-
lomb friction law. On the one hand, the decreasing gravitational
force normal to the bottom surface (/cosf) leads to a reduction
of the bottom normal stress. On the other hand, the increasing
gravitational force parallel to the bottom surface (/sinf) results
in an additional acceleration of the flow and hence enhances flow
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velocities and lower flow depth. For the Coulomb friction the bot-
tom normal stress defines the bottom shear-stress. Therefore, the
bottom velocity grows more quickly than the surface velocity,
and the bottom shear-rate, and also the mean shear-rate �_c, de-
creases with increasing inclination angle. No-slip flows, for which
the frictional resistance is not connected to the bottom normal
stress, show an inverse behaviour: The shear-rate increases with
the inclination angle, because the bottom velocity remains zero
independent of the inclination angle. Consequently, the drop of
the shear-rate with increasing inclination is characteristic for the
(dry) Coulomb friction law. However, Rognon et al. showed for
chute flow experiments with snow that the shear-rate increases
with inclination, at which a non-zero sliding velocity is observed
[20]. This indicates a velocity-dependent friction component,
which may result from the roughness of the bottom surface as
the channel bottom was covered with sand paper. This shows that
the inclusion of drag in the basal sliding law may become neces-
sary in some situations [50].

The viscosity is a measure of the resistance against deformation,
e.g., induced by the frictional force at the bottom, and high viscos-
ity means a high resistance. Therefore, a rise in viscosity leads to a
decrease in mean and surface flow velocities and hence an increase
in flow depth. However, for Coulomb friction the bottom velocity
shows a different behaviour compared to the surface velocity: It

grows with rising viscosity, because of a lower amount of transfer
of the shear-stress exerted by the bottom surface into the granular
material. Note that the bottom shear-stress, which is induced by
the Coulomb friction or the no-slip boundary condition, is viscos-
ity-dependent. This dependency is positive and weaker than a lin-
ear relation. As a consequence, for both the Coulomb friction and
the no-slip boundary condition, the shear-rate �_c decreases with
increasing viscosity, Fig. 18. The decrease is faster for the Coulomb
friction due to its weaker viscosity-dependency. For a given viscos-
ity, shear-rate in Coulomb-sliding is less than the same with no-
slip boundary condition.

In Fig. 19, the dependence of �_cc on the mean inflow velocity �uin

is illustrated. If the material is fed with higher velocity, the mean
and surface velocity along the channel and also the flow depth will
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rise. However, for the Coulomb friction the bottom velocity is neg-
atively correlated with the bottom normal stress, which increases
due to the growth in depth. Therefore, the bottom shear-rate in-
creases substantially with rising inflow velocities and hence the
mean shear-rate �_c for the Coulomb friction law. For the no-slip
boundary condition the variation of the inflow velocity generates
a slight change in the bottom shear-rate, and, consequently, the
mean shear-rate shows a moderate increase, decrease respectively,
with rising �_c if the change in the free surface velocity dominates
the change in the flow depth, or vice versa respectively. Note that
an increase or decrease of the Coulomb friction angle will respec-
tively amplify or soften the change of the mean shear-rate with
the physical property due to (10).

4.3. Flow evolution

In this section, the time dependence of the flow is examined.
This is important to describe the overall flow dynamics and the
temporal and spatial variations of the flow depth and the velocity
distributions through the flow depth. Here, we investigate the

complete flow evolution from the flow release from the silo gate
down the entire channel. This will be done for all three frictional
resistances and the results are compared.

In Fig. 20, snapshots of the velocity fields are shown for the no-
slip boundary condition. In panel (a) (at time t̂ ¼ 0:3) the maxi-
mum front velocity is located at the middle height of the front
(ẑ � 0:3). With time (panels b-f), the free surface of the flow front
becomes the fastest flowing region as a result of the strong fric-
tional resistance at the bottom. As a consequence, the flow front
deforms only marginally. The free-slip boundary condition leads
to completely different velocity fields and flow heights due to
the missing friction at the bottom, Fig. 21. At all timesteps the
maximum front velocity is located at the bottom. However, the
velocity differs only slightly through the depth. The front shape
is more diffusive compared to the no-slip flow.

The evolution of the flow with time for the Coulomb friction
with d = 25� is presented in Fig. 22. For some times, panels (a)–
(c), the maximum velocity is located at the front head, somewhere
between the free surface and the bottom surface. For later times,
panels (d)–(f), the vertical position of the maximum velocity is
close to the free surface at the forehead. So, it shows the evolution
of the maximum velocity region within the sliding and dynami-
cally evolving material. As time elapses, the flow front becomes
more and more diffusive and the (xz-) shearing becomes more vis-
ible. Compared to the other friction laws (Figs. 20 and 21), the dif-
fusion and the flow height lies between the one produced by the
free-slip and the one of the no-slip boundary condition.

This demonstrates that the no-slip, free-slip and Coulomb fric-
tion boundary conditions do not only lead to completely different
flow properties, when a quasi-steady-state flow is considered, but
also during the whole temporal evolution of the flow. The results
with Coulomb friction law are in line with our physical intuition
and some observed phenomena.

5. Discussions and summary

Flow dynamical quantities, e.g., depth, velocities and pressure,
play a crucial role for the construction of defence structures, haz-
ard mitigation in disaster prone mountain regions, and also in
the transportation of granular material in process engineering.
Therefore, in general, we need a physically complete description
of the flow dynamics without reduction of the information through
the flow depth. It is observed in experiments and in the field that in
rapid flow of granular material down the slopes even the lowest
particle layer in contact with the bottom boundary moves with a
non-zero and non-trivial velocity. Hence, appropriate rheology,
boundary conditions, and numerical methods are required in order
to properly determine the flow dynamics associated with geophys-
ical and industrial mass flows, such as avalanches, debris flows,
and flow of granular materials. Explicit knowledge of the dynamic
and variable basal slip was skipped in depth-averaged models and
simulation due to depth-averaging.

We developed a fully two-dimensional, novel Coulomb-visco-
plastic sliding model, which includes some basic features and ob-
served phenomena in dense granular flows like the exhibition of
a yield strength and a non-zero slip velocity. The internal deforma-
tion is modelled as a viscoplastic material. The interaction of the
flow with the solid boundary is described by the pressure and
rate-dependent Coulomb-viscoplastic sliding law, which relates
the shear-stress to the normal stress at the boundary. This relation
is linear and defined by the bed friction angle. The non-hydrostatic
and full dynamic pressures is modelled as a Poisson equation in
terms of the flow dynamic and gravity forces, including the mate-
rial friction, viscous, and strength parameters. The numerical treat-
ment of the Coulomb-viscoplastic sliding model requires the set up
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of a novel pressure equation, which defines the pressure indepen-
dently of the bottom boundary velocities. These are dynamically
and automatically defined for given pressure by the Coulomb-
viscoplastic sliding law, which we numerically implemented for
the first time. This represents an entirely novel and innovative con-
cept in rapid granular flows both from a physical modelling and a
computational point of view. To simulate and visualise the rapid
free surface flow of frictional granular material, the marker-and-
cell method is applied. With the new model we can simulate the
entire flow dynamics and the flow depth variations of the field

quantities, mainly the velocity and full dynamic pressure, and also
other derived quantities, such as the shear-rate, and dynamic pres-
sure. Furthermore, it provides a complete dynamical description of
the time and spatial evolution of the basal boundary slip velocity,
which was lacking in the literature.

We numerically studied the fully two-dimensional inclined
channel flow for three different basal boundary conditions: no-slip,
free-slip and the Coulomb-type slip at the base. We showed that
the choice of the bottom boundary is very crucial as it can funda-
mentally alter the flow dynamics. The Coulomb sliding law leads

Fig. 20. Snapshots of rapidly flowing granular material down a steep rectangular open channel. The interaction of the fluid with the channel bottom is modelled by the
no-slip boundary condition.

Fig. 21. Snapshots of rapidly flowing granular material down a steep rectangular open channel. The interaction of the fluid with the channel bottom is modelled by the
free-slip boundary condition.
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to non-vanishing slip velocities and to completely different distri-
butions of the flow height and velocities than those obtained with
usual boundary conditions like the no-slip boundary condition. The
latter are unphysical for many frictional flows, especially for gran-
ular materials as observed in experiments and in the field. This
means that the bottom boundary condition is an important mech-
anism to appropriately control and describe the flow dynamics in
rapid granular flows in steep channels. It is demonstrated that high
bed friction angles go along with a strong shearing. In reality the
bed friction angle depends on both the granular material and the
boundary substrate. We showed that for Coulomb friction law ob-
servable shearing mainly takes place close to the sliding surface in
agreement with observations. This cannot be modelled by classical
free-slip and no-slip boundary conditions. Furthermore, we ob-
served that the bottom shear-stress increases along the channel,
in the case of the no-slip boundary condition, but decreases
slightly in the far downstream if the Coulomb sliding law is used.
We defined the general Froude number for a fully two-dimensional
inclined channel flow and showed that it increases with downslope
positions and also while moving from the bottom to the free-sur-
face. In general, the Froude number is not uniform through the
depth. The analysis of the Froude number showed that granular
flows on inclined surfaces are characteristically rapid supercritical
flows. Also the no-slip and the Coulomb friction law simulations
show completely different results for the variation of the inclina-
tion angle, which reveals that the drop of the shear-rate with
increasing inclination is characteristic of the Coulomb friction
law. This is usefull to classify the flow regimes in laboratory exper-
iments and field events. We showed that the simulated full
dynamic pressure differs considerably from the hydrostatic pres-
sure, which is used in classical avalanche and granular flow mod-
els. In extensional flow regimes the hydrostatic pressure largely
overestimates the full dynamic pressure, whereas we expect that
for strong compressional flows, e.g., in the vicinity of flow obstacle
interaction, an underestimation may be observed. This is particu-
larly critical for the construction of defence structures in disaster
prone mountain regions. Comparison of the simulation results
with observed data will be presented later.
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