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This paper describes the implementation of topographic curvature effects within the RApid Mass MovementS
(RAMMS) snow avalanche simulation toolbox. RAMMS is based on a model similar to shallow water equa-
tions with a Coulomb friction relation and the velocity dependent Voellmy drag. It is used for snow avalanche
risk assessment in Switzerland. The snow avalanche simulation relies on back calculation of observed ava-
lanches. The calibration of the friction parameters depends on characteristics of the avalanche track. The
topographic curvature terms are not yet included in the above mentioned classical model. Here, we funda-
mentally improve this model by mathematically and physically including the topographic curvature effects.
By decomposing the velocity dependent friction into a topography dependent term that accounts for a curva-
ture enhancement in the Coulomb friction, and a topography independent contribution similar to the classi-
cal Voellmy drag, we construct a general curvature dependent frictional resistance, and thus propose new
extended model equations. With three site-specific examples, we compare the apparent frictional resistance
of the new approach, which includes topographic curvature effects, to the classical one. Our simulation re-
sults demonstrate substantial effects of the curvature on the flow dynamics e.g., the dynamic pressure distri-
bution along the slope. The comparison of resistance coefficients between the two models demonstrates that
the physically based extension presents an improvement to the classical approach. Furthermore a practical
example highlights its influence on the pressure outline in the run out zone of the avalanche. Snow avalanche
dynamics modeling natural terrain curvature centrifugal force friction coefficients.

© 2012 Elsevier B.V. All rights reserved.
1. Introduction

In the last century, hazard mapping gained a high importance in
land-use planning of alpine regions (Barbolini et al., 2000; Gruber and
Margreth, 2001; Pudasaini and Hutter, 2007). In this process, areas of
increased hazard risk are defined which is either prohibited or subject
to additional protective requirements to create new infrastructure or
civil engineering works. For already existing constructions, the poten-
tial of additional mitigation measures is investigated. Both, a realistic
risk assessment and the design of protective measures require experi-
ence and a high level of expert knowledge. In order to gain further in-
sight into avalanche flow heights, flow velocities, run-out distances
and impact pressures avalanche simulation models became a more
and more important tool for decision makers and practitioners. Ava-
lanche simulations are especially helpful when analyzing large scale
scenarios or when one is interested in the response to a change in the
input data. Gruber and Bartelt (2007), for instance, proposed an auto-
mated way of defining release area and release heights and performed
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a large scale analysis in order to identify the forest as a protective
measure.

Two of the most important existing mathematical avalanche theo-
ries are the Saint Venant model for shallow water flow and the
Savage-Hutter-type models for shallow granular flows. Savage and
Hutter (1989) derived a system of one dimensional depth-averaged
equations for shallow granular flow. Several important generaliza-
tions to this model have been derived to higher dimensions and com-
plex topographies (Gray et al., 1999) and incorporate non-trivial
topography, model the flows in curved and twisted channels and
over realistic terrains (Pudasaini and Hutter, 2003, 2007; Pudasaini
et al., 2005a,b). Because of its influence on the apparent driving
force and the normal and the lateral pressures (as demonstrated in
Denlinger and Iverson, 2004; Iverson et al., 2004; McDougall and
Hungr, 2004; Patra et al., 2005; Pitman et al., 2003a,b; Pudasaini
et al., 2005b, 2008; Wieland et al., 1999), the surface curvature of
the avalanche path is of particular interest.

The theory for shallow granular or debris flows are rigorously de-
rived and confirmed by experiments or data (Denlinger and Iverson,
2004; Gray et al., 1999; Iverson et al., 2004; McDougall and Hungr,
2004; Patra et al., 2005; Pitman et al., 2003a,b; Pudasaini and
Hutter, 2003, 2007; Pudasaini and Kroener, 2008; Pudasaini et al.,
2005a,b, 2008; Wieland et al., 1999). The dynamics of an avalanche
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Fig. 1. The topography (SDEM x; yð Þ) of an surface given in a Cartesian coordinate system
x,y,z. z points in the direction of the gravitational acceleration. The surface induces the
vector triad {Tx,Ty,N} and the local components of the gravitational acceleration sys-
tem g=(gx,gy,gz)T in the direction of the surface induced {Tx,Ty,N}.
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is governed by driving forces due to gravitational acceleration and
resisting forces due to friction and also the lateral pressure gradients.
Savage-Hutter-type equations are based on the Mohr–Coulomb clo-
sure for the Cauchy stress (Savage and Hutter, 1989). The basal fric-
tion relations reduce to curvature corrected dry Coulomb terms,
(see, e.g., Gray et al., 1999; Hutter et al., 2005; Pudasaini and Hutter,
2003, 2007; Wieland et al., 1999). When required, the Coulomb fric-
tion can be complemented by a velocity dependent drag term
(Pudasaini, 2011; Pudasaini and Hutter, 2007). However, it still re-
mains a challenge to directly implement these models for generic
mountain topographies into an existing numerical simulation model.

For practical purposes, heuristically motivated Saint Venant type
avalanche models are in use which incorporate an empirical friction
relation. In the avalanche simulation software RAMMS (RApid Mass
MovementS), on which our work is based upon, the friction law is
given by a dry Coulomb term superposed by a velocity dependent
drag. In the avalanche community, this model is commonly referred
to as the Voellmy–Salm model (Bartelt et al., 1999; Salm, 1993).
RAMMS computes avalanche velocity and flow heights over realistic
terrain given by digital elevation models (DEM) (Christen et al.,
2010). The model calibration is based on back calculation of observed
avalanches and depends implicitly on avalanche track characteristics
such as the curvature of the avalanche track (Gruber and Bartelt,
2007; Salm et al., 1990).

A tendency in the past years has clearly been the development of
two separate branches of avalanche dynamics research. The first fo-
cuses on the derivation from first principles and analysis of consis-
tent, comprehensive, depth-averaged, granular flow models (Gray et
al., 1999; Pudasaini and Hutter, 2003, 2007; Pudasaini et al., 2005a,
b; Savage and Hutter, 1989). The other branch is based on relatively
simple mathematical models that can easily be implemented for com-
plex terrain and that rely on calibration of the model parameters and
are not constrained physically, neglecting some of the underlying
physical and geometric processes (Bartelt et al., 1999; Gruber and
Bartelt, 2007; Salm, 1993).

Our work is a step forward to theoretically include curvature ef-
fects into the practical implementation of the avalanche simulation
toolbox, RAMMS. We will briefly recall on different modeling ap-
proaches to include curvature and introduce a local curvature correc-
tion into the existing model. We decompose the velocity dependent
friction into a topography dependent term that accounts for a curva-
ture correction in the dry Coulomb friction, and a topography inde-
pendent contribution similar to the classical Voellmy friction term.
With this decomposition and construction of the general curvature
dependent friction, we propose a new ‘extended Voellmy–Salm
model’ and implement it into RAMMS. Finally, with three site-
specific examples, we compare the apparent frictional resistance
with the extended Voellmy–Salm model against the classical
Voellmy–Salm frictional resistance without topographic curvature.
Our results demonstrate substantial effects of the curvature in the av-
alanche dynamics and thus highlight the importance of curvature ef-
fects in applied avalanche modeling.

2. Mathematical models for avalanches

Depth-averaged avalanche models in general constitute a system
of hyperbolic conservation laws. They have the structure of the shal-
low water equations (Gray et al., 1999; Pudasaini and Hutter, 2003,
2007; Pudasaini et al., 2005a,b; Savage and Hutter, 1989). The ava-
lanche model equations describe the time evolution of the flow
height h and the surface tangent flow velocity components u=(ux,
uy)T. These state variables are summarized in the state vector V=
(h,hux,huy)T. These are functions of space x=(x,y) and time t. Here,
the subscripts x and y indicate that the surface tangential flow veloc-
ity components are derived along the direction of the horizontal coor-
dinate axes x and y in a fixed Cartesian coordinate system. The
coordinate system is chosen such that the z-axis is parallel to the di-
rection of the gravitational acceleration (g0=(0,0,−g)T, g is the
gravity constant). The vector form of the model is

∂tV x; tð Þ þ∇⋅F V x; tð Þð Þ ¼ S V x; tð Þð Þ; ð1Þ

in which ∇=(∂x,∂y)T denotes the partial derivative with respect to
space, F(V) represents the transport fluxes and S(V) represents the
source terms (net driving forces) with

F Vð Þ ¼

hux huy

hu2
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h2

2
huxuy
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In F(V), the first components are associated with the mass conser-
vation, and the second and the third components related to the mo-
mentum conservation; along the x and y directions, respectively.
Entrainment and deposition processes are neglected. The momentum
transport fluxes also include the convective fluxes (hux2,huy2 ;huxuy)
and the hydrostatic pressure contribution (gzh2/2). Here, g=(gx,gy,
gz)T represents the components of the gravitational acceleration in
the surface induced down-slope, cross-slope and normal directions,
respectively, as functions of the horizontal Cartesian coordinates
(see Fig. 1 and Section 3 for a more detailed description). The source
terms S include the components of the net driving forces (including
driving gravity and resisting friction terms). In applied avalanche
simulations these friction relations are empirically motivated and
often the main focus of a calibration work (Gruber and Bartelt,
2007; Sailer et al., 2008; Salm et al., 1990; Sampl and Zwinger,
2004). In the following section the concept of the Voellmy friction
relation is presented in detail. Note that in Eq. (2) for simplicity the
pressure is assumed to be isotropic. Isotropic models are applied to
study shock waves and oblique shocks in granular flows down in-
clined planes with or without obstacles (Cui et al., 2007; Gray and
Cui, 2007; Gray et al., 2003; Hákonardóttir and Hogg, 2005). Howev-
er, for a discussion on anisotropic pressure distribution in granular
flows, we refer to Pudasaini and Hutter (2007) and Pudasaini and
Kroener (2008).
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2.1. Classical Voellmy friction relation

The Voellmy friction relation (Voellmy, 1955) has been applied to
avalanche simulations since the mid 1960s. In the context of the shal-
low water models, it became the basis of the dynamic simulation for
snow avalanches in RAMMS. The dynamics of the flow are predomi-
nately influenced by the net forces in x and y directions denoted by
Si, i∈{x,y} (compare with Eq. (1)). They are given by a superposition
of gravitational acceleration and frictional resistance:

Si ¼ hgi|{z}
gravitational force

− ui

uk k hμgz þ
g
ξ
u2

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

frictional forces

:

f riction parameters : μ; ξ:

ð3Þ

The two empirical friction parameters μ and ξ represent the dry
Coulomb friction and velocity dependent viscous drag (friction), re-
spectively. In the original Voellmy–Salm approach, μ is independent
of material properties but varies with the mountain profile. However
experiments on the laboratory scale (Platzer et al., 2007; Pudasaini
and Hutter, 2007; Pudasaini and Kroener, 2008; Pudasaini et al.,
2005a,b) and on the large field scale (Bartelt et al., 2006; Sovilla et
al., 2008) indicate, that this assumption is not true in general. The ve-
locity dependent friction is characterized by the parameter ξ and was
first stated by (Voellmy, 1955) as ‘turbulent’ friction. It is important to
note that later, (Salm, 1993) stated that ξ should mainly depend on
the terrain geometry and interpreted it as ‘viscous’ friction. Further-
more, as an extension of the frictional model (Bartelt et al., 2006)
and (Buser and Bartelt, 2009) couple the Coulomb friction coefficient
μ and the Voellmy drag ξ to an additional field variable for random ki-
netic energy of the fluctuating motion in an avalanche. In a recent
work, Bartelt et al. (2007) proposed a friction law in which the fric-
tion coefficient μ varies between two limits μ1 and μ2 from the front
to the tail of an avalanche as an inverse exponential transition func-
tion of the gravitational work rate.

A different approach modeling the basal frictional resistance was
pioneered by Pouliquen (1999a,b) by modifying the dry Coulomb
friction, proposing a new empirical scaling law for the flow of granu-
lar material down rough incline. In this law the friction coefficient μ is
expressed in terms of the mean velocity and the thickness of the
granular layer. This includes two angles: θ1, an angle where hstop(θ)
diverges, and θ2, an angle where hstop(θ) vanishes, where hstop(θ) is
the minimum thickness necessary to observe steady uniform flow at
inclination θ. This model includes two further parameters β: a fit pa-
rameter, and L a characteristic dimensionless thickness over which
hstop(θ) varies. The expression for hstop(θ) is derived from μ u; hð Þ ¼
tan θ1 þ tan θ2−tan θ1ð Þexp − βh

Ld

ffiffiffiffi
gh

p
u

� �
and uffiffiffiffi

gh
p ¼ β h

hstop θð Þ, where d is

the particle diameter. Thus, θ1,θ2 and L are characteristics of material.
This friction law has successfully been extended and applied to gran-
ular flows (Johnson and Gray, 2011; Mangeney et al., 2007; Pouliquen
and Forterre, 2002). However, these authors mainly focus their atten-
tion on the hydrostatic pressure, rough and mild slopes close to or
below the internal friction angle where the flow takes place on a
layer of glued particles of the same size and shape. These flows are
close to jamming, intermittent, slow, uniform, and steady, and could
thus adjust their velocities. In contrast, we are dealing with different
flow conditions where the flow takes place on steep and relatively
smooth slope thus inducing rapid motion. Furthermore, we do not
need the explicit knowledge of the critical slope of the free surface
in the dynamic simulation of rapid flows. This is automatically taken
into account by the pressure gradient. For more detail on this we
refer to Pudasaini and Kroener (2008) and Pudasaini (2011).

The real origin of the contribution of ξ to the basal topography and
thus to the overall friction law is still open for discussion. However,
modeling results with RAMMS have been promising. Although μ and
ξ still lack a proper physical explanation, 60 years of acquired ava-
lanche data in the Swiss Alps made a systematic calibration possible.
Today, practical avalanche simulations rely on a rigorous project to
calibrate the friction parameters μ and ξ (Gruber and Bartelt, 2007).
According to the Swiss Guidelines (SG) (Salm et al., 1990), values
for μ and ξ can be prescribed manually, or alternatively for large
scale simulations, automated procedure (based on GIS that classifies
the terrain) determines the friction coefficients. This process is
based on a DEM analysis to distinguish between different terrain fea-
tures such as open slope, channel, gully, forest or non-forest regions.
Additionally, parameters including altitude above sea level, return pe-
riod and avalanche size lead to the final μ and ξ classification. Fig. 2
shows the classification of ξ for three different natural avalanche
paths according to the Swiss Guidelines.

2.2. Models including curvature effects

Savage and Hutter (1989) developed a continuum mechanical
model for rapid granular flows which has also been used to model ava-
lanche flows (Pudasaini and Hutter, 2007). A Mohr–Coulomb friction
relation is assumed. Various extensions to this theory appropriately
account for a complex bottom topography. Gray et al. (1999) proposed
a two-dimensional depth-integrated theory for gravity driven free sur-
face flow over a moderately curved surface in the downslope direction.
A further generalization is attributed to Pudasaini and Hutter (2003),
which introduces the effects of curvature as well as twist of channels
into the avalanche models. The advantage of this model is that it theo-
retically and systematically decomposes the gravity load into three
non-zero components in the down-slope, cross-slope and the surface
normal direction, respectively. To our knowledge, Pudasaini and
Hutter (2003) and Pudasaini et al. (2005a,b) models are the only
models in avalanche and debris flowdynamicswhich have the property
of systematically including non-zero gravity acceleration components
as driving forces in the respective curvilinear coordinate directions fol-
lowing the channel. This model has been applied in modeling the gran-
ular and debris avalanches down curved and twisted channels with
channel following coordinates (see Pudasaini and Hutter, 2003, 2007;
Pudasaini et al., 2005a,b; Pudasaini et al., 2008). In their approach a pre-
defined master curve is adjusted to a flow channel. In a next step a cur-
vilinear coordinate system is constructed originating from the master
curve. The transformation into the space-curve based coordinate sys-
tem gives insight into the effects of non-uniform curvature and torsion
of the avalanche path in the avalanche dynamics.

In the process of transforming the model equations into a curvilin-
ear coordinate system, additional terms arise in the frictional force.
The normal force (overburden pressure) gains an extra term, which
accounts for a ‘centrifugal force’ (Pudasaini and Hutter, 2003, 2007;
Pudasaini et al., 2005a,b) associated with the curvature. Again, this
contribution to the basal friction depends on the underlying topogra-
phy and the flow velocity. This contribution can be directly calculated
from the DEM and a calibration step is not necessary.

In addition to the above mentioned granular flow theories, Bouchut
et al. (2003) and Bouchut and Westdickenberg (2004) also provide
alternative shallow granular flow models. Although the derivation of
different mass flow theories differ fundamentally from one another,
the general mathematical form of the model equations is the same as
in Eq. (1) and the source terms can be compared.

2.3. A curvature dependent Voellmy friction relation

2.3.1. A new approach
The goal of this work is to mathematically and physically accurately

include the curvature effects into the Voellmy–Salmmodel by using the
coordinate parameterization in the RAMMS computational tool. To
achieve this, the curvature effects described by the sophisticated



Fig. 2. Three Swiss mountain terrains (DTM-AV ©2008 swisstopo (DV033492), map PK25 ©2008 swisstopo (DV033492)) prone to snow avalanches: Salezertobel (a), Vallee de la
Sionne (b), and Val Prada (c); showing calibrated Swiss Guideline (SG) friction parameter. In order to make the absolute values comparable to the mean curvature (Fig. 3) a rescaled
form according to g

μ �hξ
¼ Rξ

μ �h
; �h ¼ 1m is displayed here. Calibration maps are according to the automatic terrain classification.
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mathematical models for granular flows (Pudasaini and Hutter, 2003)
are adopted to the classical Voellmy–Salm friction relation. A non or-
thogonal local coordinate system (see, Christen et al., 2010; Pudasaini
et al., 2003) is adopted which can be applied directly on the given
DEM data. In our approach, the extra term (curvature contribution) in
the frictional resistance arises from the projection of additional acceler-
ation in the surface normal direction. This extra curvature-dependent
frictional resistancewill ultimately be associatedwith the Coulomb fric-
tion term.

In contrast to the classical Voellmy–Salm friction relation in which
both friction parameters are empirical values, that are accessible only
through calibration work, we split the velocity dependent friction
contribution into two parts. To compare the basal curvature-
induced additional friction term with the classical velocity dependent
friction, we define the dimensionless resistance parameters Rt and Rξ.
The static part, denoted by Rξ=g/ξ represents the velocity dependent
friction in the Voellmy–Salm (VS) model. It accounts for the empirical
velocity dependent friction (viscous drag) and in contrast to the SG
calibration it is assumed to be independent of the mountain profile
and represents the influence of the snow properties. In analogy to
the theories including curvature effects (Pudasaini and Hutter,
2007), a second terrain dependent contribution Rt originates from
the basal surface curvature K, and is an additional contribution to
the normal force as an extra ‘centrifugal’ term. This extra centrifugal
force effect will then be transferred to the basal shear stress through
the frictional Coulomb sliding law.

We choose a formulation of the net driving forces which includes
the classical VS friction coefficient Rξ and the curvature dependent
new friction coefficient Rt. This formulation allows a direct compari-
son of the two friction parameters (Rt and Rξ). Finally, the terrain de-
pendent friction effects are associated with the Coulomb frictions
terms. We re-write the components of the net driving forces (Si,
i∈ {x,y}) as:

Si ¼ hgi−
ui

uk k hμgz þ Rtu
2 þ Rξu

2
� �

;

Rt ¼ μh
uTKu
u2 ; Rξ ¼

g
ξ
:

ð4Þ

Eq. (4) implemented in Eq. (2) will be referred to as the ‘extended
Voellmy–Salm model’. The resistance parameter Rt contains all the
spatial variations of the field variables (height and velocities) and
the mountain topography, whereas Rξ is static. Note that if the moun-
tain curvature vanishes then Rt=0. In this case (4) reduces to Eq. (3)
and that the extended and classical model are identical. In Section 4,
we formally derive Rt, which is new to the classical Voellmy–Salm
model.

3. Modeling mountain topography

The mountain topography is constructed through a DEMwith spa-
tial resolutions between 2 and 25 m. In order to accurately account
for the basal topography we formulate a moving vector triad based
on the surface DEM (SDEM) given by a sufficiently smooth profile
function Z(x,y), in the Cartesian horizontal-vertical form:

SDEM x; yð Þ ¼
x
y

Z x; yð Þ

0
@

1
A: ð5Þ

We define the surface induced tangent vectors Tx(x,y) and Ty(x,y)
on SDEM , such that their projections onto the xy plane are parallel to
the associated x and y axis. N(x,y) is the outer normal to the surface.
Following the usual procedure in practice (Christen et al., 2010) the
vector triad are defined as follows:

Tx :¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ∂xZ2
q 1

0
∂xZ

0
@

1
A; ð6Þ

Ty :¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ∂yZ2
q 0

1
∂yZ

0
@

1
A; ð7Þ

N :¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ∂xZ2 þ ∂yZ2

q ∂xZ
∂yZ
−1

0
@

1
A: ð8Þ

With this, the local components of the gravitational acceleration
can be expressed in terms of the surface induced directions {Tx,Ty,N}:

gx ¼ Tx⋅g0; gy ¼ Ty⋅g0; gz ¼ N⋅g0; ð9Þ

where g0=(0,0,−g)T, ‘⋅’ denotes the dot product, and gx,gy,gz are the
projections of g0 along the directions of Tx,Ty,N, respectively.

An arbitrary surfaceSDEM can be parameterized in many different
ways depending on the choice of the coordinate system. Fig. 1 shows
a reference surface SDEM x; yð Þ in a Cartesian coordinates {x,y,z}. The
surface induced vector triad {Tx,Ty,N} generates the local compo-
nents of the gravitational acceleration (gx,gy,gz)T. As in Pudasaini
and Hutter (2003), {Tx,Ty,N} are non-orthogonal, so are the compo-
nents of (gx,gy,gz)T.
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4. Equation of motion on arbitrary surface

It is important to note that, the model equations used in RAMMS
are solved in a fixed Cartesian coordinate system whereas the models
including curvature are formulated in ‘quasi-curvilinear coordinate
systems’ along the mountain topography. As already described in
the previous sections this transformation into a curvilinear coordi-
nate system naturally leads to a modification of the surface normal
gravity component and thus modification of the normal load which
leads to the modification of the Coulomb friction terms in the final
model equations. In our new approach, the implementation and cal-
culation method has been developed such that it includes curvature
and can still be employed in the existing model structure of
RAMMS. In this section we describe the derivation of the equations
of motion for a masspoint attached to a surface in Cartesian coordi-
nates. In order to do so we use the well known Lagrange formulation
of classical mechanics.

The Lagrange equation L=T−V (here, T: kinetic energy, V: poten-
tial energy) in Cartesion coordinates (with coordinates qi={x,y,z}
and their time derivative d

dt qi tð Þ ¼ _qi tð Þ) for a free moving masspoint
in the gravitational potential field is:

L qi tð Þ; _qi tð Þð Þ ¼ m
2

_x tð Þ2 þ _y tð Þ2 þ _z tð Þ2
� �

−mgz tð Þ; ð10Þ

with the constraint of moving along a fixed surface given by a suffi-
ciently smooth profile function Z(x,y):

z tð Þ ¼ Z x tð Þ; y tð Þð Þ: ð11Þ

Solving the Euler–Lagrange Equations d
dt

∂L
∂ _q −

∂L
∂q ¼ 0 and including

the constraint (11) we obtain the equations of motion:

€x
€y
€z

0
@

1
A ¼

−
∂xZ g þ _x tð Þ2∂2xZ þ 2 _x tð Þ _y tð Þ∂x∂yZ þ _y tð Þ2∂y∂yZ

� �
1þ ∂xZ2 þ ∂yZ2

−
∂yZ g þ _x tð Þ2∂2xZ þ 2 _x tð Þ _y tð Þ∂x∂yZ þ _y tð Þ2∂2yZ

� �
1þ ∂xZ2 þ ∂yZ2

−g ∂xZ2 þ ∂yZ2
� �

þ _x tð Þ2∂2xZ þ 2 _x tð Þ _y tð Þ∂x∂yZ þ _y tð Þ2∂2yZ
1þ ∂xZ2 þ ∂yZ2

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
:

ð12Þ

We observe that due to the constraint of moving on a trajectory em-
bedded in the surface, we obtain extra velocity dependent terms in the
acceleration. In addition to the acceleration due to the projections of the
gravitational acceleration in titx and y directions, we obtain velocity
(i.e., _x tð Þ; _y tð Þ) dependent terms including derivatives in x and y direc-
tion accounting for variations of the surface function Z(x(t),y(t)).
These terms are associated with a ‘centrifugal force’.

4.1. Mathematical description of a curvature tensor

The description of curvature that is applicable to the existing
model structure of RAMMS is a combination of the mathematical de-
scription of the topography (see Section 3) and the equations of mo-
tion of a mass moving on a fixed surface (as explained above). The
constraint of moving along the fixed surfaceSDEM ¼ x; y; Z x; yð Þð ÞT in-
duces additional acceleration components (Eq. (12)). The projection
of this additional acceleration in normal direction, (Eq. (8)) leads to
an extra ‘centripetal’ term in the normal force. It can be written in
terms of the surface function Z(x,y) and its spatial gradients:

€x
€y
€z

0
@

1
A·N ¼

_x tð Þ2∂2xZ þ 2 _x tð Þ _y tð Þ∂x∂yZ þ _y tð Þ2∂2yZffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ∂xZ2 þ ∂yZ2

q : ð13Þ
This velocity dependent acceleration in normal direction to the
basal surface includes terms accounting for the surface variation and
its curvature.

Note that the velocity components in the Lagrangian framework
( _x tð Þ; _y tð Þ) are the projections along the Cartesian axis. Whereas the
velocities in the VS model u=(ux,uy)T are the surface parallel veloc-
ities. This yields the relation:

_x tð Þ
_y tð Þ

� �
¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ∂xZ2

q ux

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ∂yZ2

q uy

0
BBBBB@

1
CCCCCA: ð14Þ

With the unit vectors ei in the direction of the Cartesian axis (i=x,
y,z):

cos ζ i ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ∂iZ2
q ¼ Ti⋅ei; i ¼ x; y; ð15Þ

where, ζi denotes the angle of surface inclination in i=x and i=y di-
rection, respectively.

Motivated by the expression (13), we can explicitly formulate the
surface curvature in terms of the surface function and its spatial de-
rivatives with the following definitions:

KX :¼ ∂2xZ
1þ ∂xZ2
� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ∂xZ2 þ ∂yZ2
q ;

KXY :¼ ∂x∂yZffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ∂yZ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ∂xZ2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ∂xZ2 þ ∂yZ2

q ;

KY :¼ ∂2yZ

1þ ∂yZ2
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ∂xZ2 þ ∂yZ2
q :

ð16Þ

This can be written in tensor form:

K :¼ KX KXY
KXY KY

� �
: ð17Þ

Now from Eqs. (13), (14), (16), and (17) the additional curvature
and velocity dependent normal component of the acceleration can be
written as

Rtu
2

μh
¼ u2

xKX þ 2uxuyKXY þ u2
yKY ¼ uTKu: ð18Þ

It is important to note the following. If KXY=0, then Rtu2=μh
(ux2KX+uy

2KY). If the slope is flat in the lateral direction, then KY=0
and that Rtux

2=μhux2KX, which is the curvature term in Savage and
Hutter (1991) and Gray et al. (1999) models and Pudasaini and
Hutter (2003) model without the twist (i.e., η=1). The formulations
(16) and (18) allow the determination of the curvature tensor and
thus the new resistance function Rt for each point of the given moun-
tain topography in a preprocessing step. The algorithm to compute
the additional component of the normal acceleration can then be
implemented in the program code of the existing RAMMS model.
Fig. 3 displays the result of the mean of the curvature components
KX and KY, (i.e., Kmean ¼ KXþKY

2 ) for three different natural avalanche
paths in the Swiss Alps. Naturally more channelized terrain regions
appear to generate high curvatures. The automatic friction parameter
classification of the Swiss Guidelines (Fig. 2) shows a high correspon-
dence with the mean of the curvature components (Fig. 3). This ap-
pears naturally due to the calibration dependence on different
terrain features which are related to terrain curvature.



Fig. 3.Map and DEM (DTM-AV ©2008 swisstopo (DV033492), map PK25 ©2008 swisstopo (DV033492)) of the three mountain terrains prone to snow avalanches: Salezertobel (a),
Vallee de la Sionne (b) and Val Prada (c); Showing mean of the curvature components κmean ¼ KXþKY

2 , high mean curvature values (red) indicate gullies/channels, low (negative)
mean curvature values (blue) indicate ridges.
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5. Simulation examples

5.1. RAMMS

RApid Mass MovementS (RAMMS) is a computer simulation model
designed by the SLF (Institute for Snow and Avalanche Research) as a
practical tool for avalanche practitioners. The model Eqs. (1) and (2)
are solved with a first and second-order accurate HLLE-Heun numerical
scheme (Christen et al., 2010). RAMMS has been calibrated and tested
for a series of well-documented avalanches of the Swiss avalanche data-
base. Therefore, the model results can be used to estimate run-out
distances,flowvelocities,flowheights and impact forces. A graphical vi-
sualization of the numerical calculations is provided to evaluate the
simulation results. Geo-referenced maps or aerial photographs can
also be imported into RAMMS and then superimposed on the computa-
tional domain which makes the interpretation of model results easier.

To perform numerical calculation RAMMS needs three basic input
quantities.

• Release zone area and fracture height. This information provides the
knowledge about the avalanche volume and therefore has a strong
influence on the avalanche dynamics.

• The DEM. All information about the complexity and geometry of the
natural terrain are provided by the DEM. The spatial DEM resolution
has a dominant impact on the flow dynamics and avalanche path.

• Model friction parameters. Classically, the model incorporates two
friction parameters, μ and ξ which represent dry coulomb and ve-
locity dependent viscous friction, respectively.

In the following simulation examples the friction relation imple-
mented in RAMMS has been enhanced with the extended model (4)
with Eq. (18).

5.2. Avalanche flows in natural terrain

To interpret and outline the importance of the curvature depen-
dent extended Voellmy–Salm friction (drag) relation (Eq. (4) with
Eq. (18)), numerical calculations are performed on three avalanche
paths using the RAMMS toolbox. The curvature effects are highly de-
pendent on the underlying topography and the actual avalanche path.
The performance of the extended model along three different natural
avalanche flow paths in Switzerland is presented here (Fig. 4). The
Salezertobel avalanche path (left) is located close to the SLF Research
Institute in Davos, Canton Graubuenden; the Val Prada avalanche
path (right) is located on the south side of the Alps in the Canton
Graubuenden. The Vallee de la Sionne avalanche path (center) is a
SLF test site for real scale avalanches and located in the Canton Valais.
The given DEM resolution is 10 m×10 m. The flow of the Salezertobel
is mostly aligned with the topographic features whereas the Val Prada
avalanche path is highly curved and twisted. The flow on the Vallee
de la Sionne experiences a slight run up on the opposite valley side
as observed in the field. In all three simulations, underlying topogra-
phy guides the flow.

Large avalanches of a 300-year return period are simulated for all
three mountain slopes according to the Swiss guidelines. The corre-
sponding initial data for an avalanche of this kind are an approximate vol-
ume of >60,000 m3, this corresponds to a snow mass of >18,000 ton
(300 kg m−3 snow density). For the three avalanche paths this corre-
sponds to the release areas of 30,000−60,000 m2 with surface normal
release heights ranging from 1 to 2 m. Fig. 4 displays the snow avalanche
flow heights in three different avalanche paths at two time steps
(t1=40 s, t2=100 s, the top and bottom panels, respectively) after re-
lease. Important in these simulations is thatwe systematically and explic-
itly included themountain curvature in the avalanche dynamics through
Rt, which could not be included in RAMMS with the classical Voellmy–
Salm model, because for classical Voellmy–Salm model Rt=0.

One of themain aims of this paper is to compare the spatially depen-
dent friction parameters according to the classification calibration
method described in Section 2.1with our new approach. As a further ref-
erence we consider the general constant friction parameters (�μ ¼ 0:2,
�ξ ¼ 2000). In practice, these spatially constant parameters are used for
a rough estimations or in regions without a specified calibration. In
order to assign the results we define the following three approaches
with different friction parameter settings:

• VSSG: Classical VS approach with varying friction parameters
(μ=μSG and Rξ=g/ξSG according to the Swiss Guidelines, Rt=0),
compare Fig. 2.

• VSconst: Classical VS approach with constant friction parameters
(μ ¼ �μ , Rξ ¼ g=�ξ, Rt=0).

• VSextended: Extended VS approach with constant friction parameters
(μ ¼ �μ , Rξ ¼ g=�ξ) and the terrain curvature dependent resistance
Rt ¼ μh uTKu

u2 , compare Fig. 3.

We analyze the influence of the friction parameters on simulation
results for three avalanche paths. Changing the friction coefficients
implies a change in all model results, such as the evolution of flow
height or flow velocity. Further, this influences the most important
model results (for practical application), the run out. In this section
we are not aiming for a comparison of the model results but the di-
mensionless resistance values Rt, Rξ and Rt+Rξ themselves. This is
done for each of the three different approaches mentioned above
with respect to the three simulation examples.

image of Fig.�3


Fig. 4. Three avalanche simulation examples (DTM-AV ©2008 swisstopo (DV033492), map PK25 ©2008 swisstopo (DV033492)) in the Swiss Alps with the extended Voellmy–Salm
model with Rξ ¼ g=�ξ (according to the SG) showing flow height for two specific time steps (t1=40 s, t2=100 s, the upper and lower panels, respectively), from release to run out:
Salezertobel, Davos, canton Graubuenden (left); Vallee de la Sionne, canton Valais (center); and Val Prada, Canton Graubuenden (right). The flow is guided by the underlying
topography.
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Fig. 5. Shown are the dimensionless resistance values corresponding to the different
avalanche paths and resistance approaches plotted against the resistance values
(Rξ=g/ξSG) of the VSSG approach. The resistance values are: Rξ=g/ξSG according to
the VSSG and Rξ ¼ g=�ξ according to the VSconst approach; and Rt+Rξ according to the
VSextended approach that includes the terrain curvature.
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On the one hand, the resistance values Rξ=g/ξSG according to the
VSSG approach are automatically calibrated and are constant in time
but vary in space. Similarly, by definition the resistance values
according to the VSconst are constant in time and constant in space.
On the other hand, the systematically calculated Rt friction value of
the VSextended approach vary in time and space, due to its dependency
on the flow velocity, flow height and the topographic curvature. In
order to compare the spatially corresponding resistance values Rt, Rξ
and Rt+Rξ we consider the maximum values Rt over time. Further-
more, the values of the VSSG approach are a discrete spatial distribu-
tion of about 5 classes of possible friction values (compare with
Fig. 2), while the maximum of the curvature dependent resistance
values Rt of VSextended is continuous in space (compare with the
mean of the curvature components κmean ¼ KXþKY

2 , Fig. 3). In order to
obtain a result that can be interpreted quantitatively, we plot the lin-
ear interpolation of the resistance values of the different approaches.
With this, the general trend of the difference in the three approaches
can be analyzed. Fig. 5 presents a quantitative comparison of the re-
sistance values as obtained from the simulation results with the
different approaches. For this comparison, the classical Swiss Guide-
lines (VSSG) and the general constant parameter (VSconst) approach
serve as a standard references. Naturally, the resistance parameters
according to VSSG approach superpose for the three different ava-
lanche paths. This is due to the fact that the parameter calibration
classifications are the same for each example. Same holds for the VSconst
approach with the constraint that there is only one constant parameter
class.

All results are plotted against the resistance values (Rξ=g/ξSG) of
the VSSG approach. Naturally the resistance values (Rξ=g/ξSG) of the
VSSG (red line) appear as the bisectrix. On the other extreme, the re-
sistance values (Rξ ¼ g=�ξ) of VSconst are represented by a constant
(black line) and show much less correlation with resistance values
(Rt+Rξ) of the VSextended approach. In our avalanche simulation ex-
amples, we observed considerable differences in the magnitude of Rt
for three flow paths. This is so, because for extended Voellmy Salm
model Rξ is associated with constant friction parameters. Then, the
changes in Rt+Rξ for different flow paths are the direct measures of
changes in Rt associated with the topographic curvatures of corre-
sponding mountain slopes. In the Salezertobel (cyan line) the
avalanche motion is mainly in a longitudinal channel direction. So,
Rt+Rξ deviates substantially from Rξ=g/ξSG. The typical release
zone in the Valee de la Sionne (green line) induces a flow direction
slightly oblique to the relevant topography. An additional curvature
effect is due to the run up on the opposite valley side. The Val Prada
(blue line) avalanche path is highly twisted and thus the flow experi-
ences significant curvature effects. The same tendency is observed

image of Fig.�4
image of Fig.�5
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when comparing the maximum height and velocity values directly.
So, the interesting result is that, the correlation between the extended
VS model and the classical VS model (using the Swiss Guidelines)
highly depends on the chosen avalanche path. In particular, we
see that it is not the shape of the flow channel itself, but rather the de-
gree of alignment of the main flow direction and the channel that
determines the correlation between these two models. In general,
we see a significant correlation between the resistance values of the
VSextended approach and the classical VSSG approach using the Swiss
Guidelines as long as curvature terms are considered that are aligned
with the flow direction. However, it is important to note that the clas-
sical VS model with the Swiss Guidelines, the friction parameters are
calibrated values without any direct physical basis, whereas in the
extended VS model, μ and Rξ are spatially constant values, but the
topographic curvature dependent friction parameter Rt is entirely
new, physically based and includes the actual flow dynamics. With
physical–mathematical arguments, we have systematically con-
structed the curvature of the mountain slope, Rt. The other parameters
μ and Rξ can be modeled or constrained differently, examples include
the variable friction parameters as explained with the random kinetic
energy of the fluctuating motion (Bartelt and Buser, 2010). This way,
all the topography curvature and the friction parameters are (or can
be) constrained in the avalanche simulation.

5.3. Practical importance of the new model

Here, we demonstrate the practical importance of our new ex-
tended model with an example. From a physical point of view, the
dynamics and magnitude of the spatial variation of the friction coeffi-
cient Rt are of main interest as this can demonstrate the contrast be-
tween the different model approaches. For a practitioner or a decision
maker, perhaps the most important dynamic quantity is the outline of
the peak pressure expected by the avalanche (mainly in the run-out
zone). Maximum impact pressures (ρu2, where ρ=300 kg m−3 is
the snow bulk density) are obtained by taking the calculated maxi-
mum values over time throughout the avalanche passage. Such an
outline is of high interest for the estimation of possible hazards, mit-
igation and mapping. Fig. 6 outlines the maximum pressures of the
Val Prada avalanche computed with the VSconst, VSSG and the VSextended
Fig. 6.Map and (DTM-AV ©2008 swisstopo (DV033492), map PK25 ©2008 swisstopo (DV03
peak pressure iso lines for 5 kPa and 25 kPa, for a simulation with the VSconstant (solid line), th
the complete outline of the avalanche, (b) a detailed figure of the run out zone. There are s
approaches; the result of the VSextended lies between the results of VSconstant and VSSG.
approaches (see Section 5.2) in RAMMS. A medium avalanche of
about 75,000m3 release volume is used. The avalanche track has an
approximate fall height of about 1300 m and an approximate length
of 2500 m. The difference of the pressure based run outs for the
three model approaches is clearly visible and can be on the order of
100 m or more. This shows that the overall friction parameter used in
the VSSG is substantially higher. The overall friction in the extended VS
model is substantially lower than the VSSG. This shows that VSSG
model utilized larger but physically less justified friction parameters.
Furthermore, the pressure outlines for three different model ap-
proaches show that VSconstant>VSextended>VSSG. The extra terms in the
frictional forces due to curvature lead to lower velocities and thus
shorter run out distances using the extended model. This means that
the overall extended VSextendedmodel friction parameters induce higher
friction than VSconstant and lower friction than VSSG. These observations
are also explained in Fig. 5 more quantitatively.

As observed in Fig. 6, the variation in the extent of the pressure iso
lines is in correspondence with the comparison of the friction values in
the previous section. The VSconst (lowest friction values) appears to have
the furthest extent of pressure iso lines, the VSSG (highest overall friction)
has contracting pressure iso lines, whereas the extended VSextendedmodel
is in between (both for the friction values and pressure outlines).

5.4. Discussion and implications of the new model

Although all the calibration work has already been done for ava-
lanche simulations in the Swiss Alps, the extended Voellmy–Salm
model (Eq. (4) with Eq. (18)) can still be important to improve the
avalanche simulations by incorporating its additional effects (mainly
via Rt) in the new simulations. Furthermore, it becomes even more
important while calibrating the numerical software and avalanche
simulation for other mountain regions in the world. Due to differ-
ences in general weather, snow and topographic conditions, a region
specific calibration is possible.

6. Summary and conclusion

The classical Voellmy–Salm avalanche model and the computa-
tional tool RAMMS are based on the two empirical friction parameters
3492)) results of a RAMMS simulation on the Val Prada avalanche track. Shown are the
e VSextended (dotted line) and the VSSG (dashed line) approaches respectively. (a) Shows
ubstantial differences between the pressure iso lines produced by the different model
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μ and ξ representing the dry Coulomb friction and velocity dependent
viscous drag (friction), respectively. The values of μ and ξ are deter-
mined through a calibration process that is partly based on a DEM
analysis to distinguish between different terrain features such as
open slope, channel or gully regions. Although the modeling results
with RAMMS have been promising, μ and ξ still lack a physical expla-
nation as they are empirical values. The real origin of the contribution
of ξ to the basal topography and thus to the overall friction law is still
open for discussion.

For a curved surface, the overburden pressure gains an extra term
associated with the ‘centrifugal force’ induced by the curvature of the
underlying topography. This leads to the enhancement of the basal
friction by an extra term associated with the curvature that is at-
tached to the square of the flow velocity (in additional to the classical
Voellmy drag). The curvature contribution can be directly calculated
from the DEM and a calibration step is not necessary. In contrast to
the classical Voellmy–Salm friction relation in which the two friction
parameters (μ and ξ) are empirical values that are accessible only
through calibration, we decomposed the velocity dependent friction
contribution into two parts and construct a curvature dependent fric-
tion law, here called the ‘extended Voellmy–Salm model’. In this
model there are three terms: the Coulomb friction, the new curvature
correction and the classical Voellmy drag. This model, which mathe-
matically and physically include the curvature effects into the
Voellmy–Salm model, is then implemented in the RAMMS computa-
tional tool.

Three site-specific Swiss natural avalanche flow paths (Salezertobel,
Vallee de la Sionne andVal Prada) are considered to compare the appar-
ent (velocity dependent) frictional resistance of the extended Voellmy–
Salm model to the classical Voellmy–Salm model. Our numerical simu-
lation results demonstrate substantial effects of the curvature in the
avalanche dynamics. The correlation between the extended Voellmy–
Salm model and the classical Voellmy–Salm model (using the Swiss
Guideline Calibration) highly depends on the flow path the avalanche
assumes. The overall friction in the extended Voellmy–Salm model
(with respect to the representative values of �μ and �ξ) is substantially
lower than the Voellmy–Salm model (with calibrated values of μ and
ξ according to the Swiss Guidelines). μ and ξ implicitly include the topo-
graphic curvature, but �μ and �ξ are independent of curvature, because in
the extended Voellmy–Salm model curvature is explicitly, separately
and analytically included in the basal friction. This is the reason why
the overall friction in the extended Voellmy–Salm model is lower than
the classical Voellmy–Salm model, leading to a significant increase
in the values and extension in the spatial distribution of pressure
along the flow path in the new model. This shows that Voellmy–Salm
model utilized larger friction parameters to additionally include the
curvature effects. This highlights the importance of curvature effects
in applied avalanche modeling as their values are now explicitly
known and implemented. A complete implementation, however, re-
quires new calibrations of the topography independent frictional coeffi-
cients �μ and �ξ, or some analytical description of these parameters are
necessary.
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